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Limits to resolution
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In optics, many devices are inherently low pass

Applications in medical imaging, microscopy, astronomy, radar detection, geophysics, etc

Super-resolution: Can we recover fine-grained structure from 
coarse-grained measurements?



Super-resolution camera
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Abbe limit =
𝜆𝜆

2𝜂𝜂sin 𝛼𝛼 ≈ 200 nm

Super-resolution imaging



A mathematical framework
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Introduced by (Donoho ’91)

• Super-position of 𝑘𝑘 spikes, each 𝑓𝑓𝑗𝑗 ∈ 0,1

• Measurement at low frequencies 𝜔𝜔, up to cutoff 𝜔𝜔 ≤ 𝑛𝑛

David Donoho
𝑓𝑓1 𝑓𝑓2 𝑓𝑓4

𝑓𝑓3

𝑓𝑓1 𝑓𝑓2 𝑓𝑓4

𝑓𝑓3

𝑒𝑒2𝜋𝜋𝐢𝐢𝜔𝜔𝜔𝜔

𝑥𝑥 𝑡𝑡 = �
𝑗𝑗=1

𝑘𝑘

𝑢𝑢𝑗𝑗𝛿𝛿𝑓𝑓𝑗𝑗 𝑡𝑡

𝑔𝑔𝜔𝜔 = �
𝑗𝑗=1

𝑘𝑘

𝑢𝑢𝑗𝑗𝑒𝑒2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 +𝜂𝜂𝜔𝜔

Can we recover the locations 
and coefficients?

With noise?



An ancient algorithm
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Prony’s method (Prony ’1795):

Proposition. When there is no noise (𝜂𝜂𝜔𝜔 = 0), there is a polynomial time algorithm to recover the 
(𝑢𝑢𝑗𝑗 ,𝑓𝑓𝑗𝑗)’s exactly with 𝑛𝑛 = 2𝑘𝑘 + 1, i.e., measurements at 

𝜔𝜔 = −𝑘𝑘,−𝑘𝑘 + 1, … , 𝑘𝑘 − 1, 𝑘𝑘

Is it stable to noise?

Gaspard de Prony
(1755-1839)



1d super-resolution: upper bound
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Theorem (Moitra ’2015; Li-Liao-Fannjiang ’20). 

There is a polynomial-time algorithm for super-resolution if 𝑛𝑛 ≳ ⁄1 Δ, and otherwise it is 
statistically impossible.

Wrap-around distance 𝑑𝑑𝑤𝑤:

separation condition

0
7
8

1
8

𝑑𝑑𝑤𝑤 ⁄7 8 , ⁄1 8 = ⁄1 4
Δ ≔ min

𝑗𝑗≠𝑗𝑗′∈ 𝑘𝑘
𝑑𝑑𝑤𝑤 𝑓𝑓𝑗𝑗 , 𝑓𝑓𝑗𝑗′



1d super-resolution: upper bound
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Theorem (Moitra ’2015; Li-Liao-Fannjiang ’20). 

There is a polynomial-time algorithm to recover 𝑓𝑓𝑗𝑗 , �𝑢𝑢𝑗𝑗 𝑗𝑗∈ 𝑘𝑘
 such that

min
𝜋𝜋∈𝒮𝒮𝑘𝑘

max
𝑗𝑗∈ 𝑘𝑘

 𝑑𝑑𝑤𝑤 𝑓𝑓𝜋𝜋 𝑗𝑗 ,𝑓𝑓𝑗𝑗 + �𝑢𝑢𝜋𝜋 𝑗𝑗 − 𝑢𝑢𝑗𝑗 ≤ 𝜖𝜖,

provided 𝜂𝜂𝜔𝜔 ≤ poly 𝜖𝜖, ⁄1 𝑛𝑛 , ⁄1 𝑘𝑘  and 𝑚𝑚 > ⁄1 Δ + 1

 The estimates converge to the ground-truth at an inverse polynomial rate, in terms of the magnitude of 
the noise



1d super-resolution: lower bound
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Theorem (Moitra ’15).

For any 𝑚𝑚 ≤ ⁄1 − 𝜖𝜖 Δ, there is a pair of Δ-separated signals 𝑥𝑥 and �𝑥𝑥 such that

�
𝑗𝑗=1

𝑘𝑘

𝑢𝑢𝑗𝑗𝑒𝑒2𝜋𝜋𝐢𝐢𝑓𝑓𝑗𝑗𝜔𝜔 −�
𝑗𝑗=1

𝑘𝑘

�𝑢𝑢𝑗𝑗𝑒𝑒2𝜋𝜋𝐢𝐢𝑓̂𝑓𝑗𝑗𝜔𝜔 ≤ 2−𝜖𝜖𝜖𝜖

for any 𝜔𝜔 ≤ 𝑛𝑛.



History
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Donoho ’92:

Asymptotic bound for 
𝑛𝑛 = ⁄1 Δ on-grid

Candes-Fernandez-Granda ’12:

Convex program for 𝑛𝑛 ≥ ⁄2 Δ no noise

Fernandez-Granda ’13:

Convex program for 𝑛𝑛 ≥ ⁄2 Δ with noise

Liao-Fannjiang ’14:

Algorithm for 𝑛𝑛
= ⁄1 + 𝑜𝑜 Δ Δ with noise

Moitra ’14:

Lower and upper bounds



The ESPRIT algorithm
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• It is one of the most effective spectral estimation method in practice.

• The algorithm works as follows:

STEP 1: form a Toeplitz matrix

𝒈𝒈 = 𝑔𝑔0,𝑔𝑔1, … ,𝑔𝑔𝑛𝑛−1  ⟹  �𝑻𝑻 = Toep(𝒈𝒈) =

𝑔𝑔0 𝑔𝑔1 𝑔𝑔2 ⋯ 𝑔𝑔𝑛𝑛−1
𝑔𝑔1 𝑔𝑔0 𝑔𝑔1 ⋯ 𝑔𝑔𝑛𝑛−2
𝑔𝑔2 𝑔𝑔1 𝑔𝑔0 ⋯ 𝑔𝑔𝑛𝑛−3
⋮ ⋮ ⋮ ⋱ ⋮

𝑔𝑔𝑛𝑛−1 𝑔𝑔𝑛𝑛−2 𝑔𝑔𝑛𝑛−3 ⋯ 𝑔𝑔0

Estimation of signal parameters via rotational invariance techniques

Noisy measurements

Toeplitz matrix



The ESPRIT algorithm
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STEP 2: Eigen-decomposition of �𝑻𝑻

STEP 3: Comparing the sub-matrices of �𝑸𝑸

Estimation of signal parameters via rotational invariance techniques

�𝑻𝑻 ∈ ℂ𝑛𝑛×𝑛𝑛 �𝑸𝑸 ∈ ℂ𝑛𝑛×𝑛𝑛 �𝑸𝑸 ∈ ℂ𝑛𝑛×𝑛𝑛= × ×

†

⋱�𝚺𝚺

𝑛𝑛 − 1

𝑘𝑘

�𝑸𝑸↑ 𝑛𝑛 − 1

𝑘𝑘

�𝑸𝑸↓

+

× =

𝑘𝑘

𝑘𝑘�𝑾𝑾
𝐴𝐴+: Moore–Penrose 

pseudo-inverse



The ESPRIT algorithm
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STEP 4: eigen-decomposition of �𝑾𝑾

• Let 𝜆̂𝜆1, 𝜆̂𝜆2, … , 𝜆̂𝜆𝑘𝑘 be the eigenvalues of �𝑾𝑾

• Output 𝑓𝑓𝑗𝑗 = ⁄arg 𝜆̂𝜆𝑗𝑗 2𝜋𝜋
𝑗𝑗=1
𝑘𝑘

 as the estimated locations

Estimation of signal parameters via rotational invariance techniques



Why does ESPRIT work
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Claim. When the signal is noise-free, i.e., 𝑔𝑔𝜔𝜔 = ∑𝑗𝑗=1𝑘𝑘 𝑢𝑢𝑗𝑗𝑧𝑧𝑗𝑗𝜔𝜔 ≔ ∑𝑗𝑗=1𝑘𝑘 𝑢𝑢𝑗𝑗𝑒𝑒2𝜋𝜋𝐢𝐢𝑓𝑓𝑗𝑗𝜔𝜔, then the ESPRIT 
algorithm can recover 𝑧𝑧𝑗𝑗  exactly (up to a permutation)

• Let 𝒛𝒛 ≔ 𝑧𝑧1, 𝑧𝑧2, … , 𝑧𝑧𝑘𝑘  and 𝒖𝒖 ≔ 𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑘𝑘

• The “clean” Toeplitz matrix 𝑻𝑻 has a Vondermonde decomposition:

𝑔𝑔0 𝑔𝑔1 𝑔𝑔2 ⋯ 𝑔𝑔𝑛𝑛−1
𝑔𝑔1 𝑔𝑔0 𝑔𝑔1 ⋯ 𝑔𝑔𝑛𝑛−2
𝑔𝑔2 𝑔𝑔1 𝑔𝑔0 ⋯ 𝑔𝑔𝑛𝑛−3
⋮ ⋮ ⋮ ⋱ ⋮

𝑔𝑔𝑛𝑛−1 𝑔𝑔𝑛𝑛−2 𝑔𝑔𝑛𝑛−3 ⋯ 𝑔𝑔0

=

1 1 ⋯ 1
𝑧𝑧1 𝑧𝑧2 ⋯ 𝑧𝑧𝑘𝑘
𝑧𝑧12 𝑧𝑧22 ⋯ 𝑧𝑧𝑘𝑘2
⋮ ⋮ ⋱ ⋮

𝑧𝑧1𝑛𝑛−1 𝑧𝑧2𝑛𝑛−1 ⋯ 𝑧𝑧𝑘𝑘𝑛𝑛−1

⋅

𝑢𝑢1
𝑢𝑢2

⋱
𝑢𝑢𝑘𝑘

⋅

1 𝑧𝑧1−1 𝑧𝑧1−2 ⋯ 𝑧𝑧1−𝑛𝑛+1

1 𝑧𝑧2−1 𝑧𝑧2−2 ⋯ 𝑧𝑧2−𝑛𝑛+1
⋮ ⋮ ⋮ ⋱ ⋮
1 𝑧𝑧𝑘𝑘−1 𝑧𝑧𝑘𝑘−2 ⋯ 𝑧𝑧𝑘𝑘−𝑛𝑛+1

• 𝑻𝑻 = 𝑽𝑽𝑛𝑛 𝒛𝒛 ⋅ diag 𝝁𝝁 ⋅ 𝑽𝑽𝑛𝑛 𝒛𝒛 † = 𝑸𝑸 ⋅ 𝚺𝚺 ⋅ 𝑸𝑸† = 𝑸𝑸𝑟𝑟 ⋅ 𝚺𝚺𝑟𝑟 ⋅ 𝑸𝑸𝑟𝑟
† (drop 0 eigenvalues)

→ Range 𝑽𝑽𝑛𝑛 𝒛𝒛 = Range 𝑸𝑸𝑟𝑟

𝑽𝑽𝑛𝑛(𝒛𝒛) 𝑽𝑽𝑛𝑛 𝒛𝒛 †diag(𝒖𝒖)



Why the ESPRIT algorithm works
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• Range 𝑽𝑽𝑛𝑛 𝒛𝒛 = Range 𝑸𝑸𝑟𝑟  implies that there exists an invertible 𝑷𝑷 such that 𝑸𝑸𝑟𝑟 = 𝑽𝑽𝑛𝑛 𝒛𝒛 𝑷𝑷

• The sub-matrices of the Vandermonde matrix has the following structure:

1 1 ⋯ 1
𝑧𝑧1 𝑧𝑧2 ⋯ 𝑧𝑧𝑘𝑘
⋮ ⋮ ⋱ ⋮

𝑧𝑧1𝑛𝑛−2 𝑧𝑧2𝑛𝑛−2 ⋯ 𝑧𝑧𝑘𝑘𝑛𝑛−2
⋅

𝑧𝑧1
𝑧𝑧2

⋱
𝑧𝑧𝑘𝑘

=

𝑧𝑧1 𝑧𝑧2 ⋯ 𝑧𝑧𝑘𝑘
𝑧𝑧12 𝑧𝑧22 ⋯ 𝑧𝑧𝑘𝑘2
⋮ ⋮ ⋱ ⋮

𝑧𝑧1𝑛𝑛−1 𝑧𝑧2𝑛𝑛−1 ⋯ 𝑧𝑧𝑘𝑘𝑛𝑛−1

• They imply that 𝑾𝑾 is similar to diag(𝒛𝒛):

𝑽𝑽𝑛𝑛 𝒛𝒛 ↑ 𝑽𝑽𝑛𝑛 𝒛𝒛 ↓diag(𝒛𝒛)

𝑾𝑾 = 𝑸𝑸↑
+𝑸𝑸↓ = 𝑸𝑸↑

+ 𝑽𝑽𝑛𝑛 𝒛𝒛 ↓𝑷𝑷 = 𝑸𝑸↑
+ 𝑽𝑽𝑛𝑛 𝒛𝒛 ↑diag 𝒛𝒛 𝑷𝑷

= 𝑸𝑸↑
+ 𝑸𝑸↑𝑷𝑷−1 diag 𝒛𝒛 𝑷𝑷

= 𝑷𝑷−1diag 𝒛𝒛 𝑷𝑷



Noise stability of ESPRIT
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Lemma (Li-Liao-Fannjiang ’20; Ding-Epperly-Lin-Z. ’24). There exists a unitary matrix 𝑼𝑼 such that
�𝑸𝑸 ≈ 𝑸𝑸𝑸𝑸 and �𝑸𝑸↑

+�𝑸𝑸↓ = 𝑼𝑼†𝑸𝑸↑
+𝑸𝑸↓𝑼𝑼

• 𝑻𝑻 = 𝑸𝑸𝚺𝚺𝑸𝑸†

• 𝑾𝑾 = 𝑸𝑸↑
+𝑸𝑸↓

• eig 𝑾𝑾

• �𝑻𝑻 ≔ 𝑻𝑻 + 𝑬𝑬 = �𝑸𝑸�𝚺𝚺�𝑸𝑸†

• �𝑾𝑾 = �𝑸𝑸↑
+�𝑸𝑸↓

• eig �𝑾𝑾

Condition number of the  
Vondermonde matrix



Condition number bounds 
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Proposition.

For any 𝒖𝒖, 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = 𝑛𝑛 − 1 ± ⁄1 Δ 𝒖𝒖 2, provided that 𝑛𝑛 > ⁄1 Δ + 1

Main technical tool: extremal functions



The Beurling-Selberg majorant
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Properties:

1)  sgn 𝜔𝜔 ≤ 𝐵𝐵 𝜔𝜔

2)  �𝐵𝐵 𝑡𝑡  supported in −1,1

3)  ∫−∞
∞ 𝐵𝐵 𝜔𝜔 − sgn 𝜔𝜔 𝑑𝑑𝑑𝑑 = 1

𝐵𝐵 𝜔𝜔

sgn 𝜔𝜔

sin 𝜋𝜋𝜋𝜋
𝜋𝜋

2

�
𝑗𝑗=0

∞
1

𝜔𝜔 − 𝑗𝑗 2 − �
𝑗𝑗=−∞

−1
1

𝜔𝜔 − 𝑗𝑗 2 +
2
𝜔𝜔

𝐵𝐵(𝜔𝜔) is an extremal function:

 For any 𝐹𝐹 𝜔𝜔  satisfying 1) and 2),

∫−∞
∞ 𝐵𝐵 𝜔𝜔 − sgn 𝜔𝜔 𝑑𝑑𝑑𝑑 ≥ 1 



The Beurling-Selberg minorant
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Properties:

1)  sgn 𝜔𝜔 ≥ 𝑏𝑏 𝜔𝜔

2)  �𝑏𝑏 𝑡𝑡  supported in −1,1

3)  ∫−∞
∞ sgn(𝜔𝜔) − 𝑏𝑏 𝜔𝜔 𝑑𝑑𝑑𝑑 = 1

𝑏𝑏 𝜔𝜔

sgn 𝜔𝜔



Approximate the indicator function of an interval
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Corollary.

There are functions 𝐶𝐶𝐸𝐸 𝜔𝜔  and 𝑐𝑐𝐸𝐸 𝜔𝜔  for 𝐸𝐸 = 0,𝑚𝑚 − 1  that satisfy:

• 𝑐𝑐𝐸𝐸 𝜔𝜔 ≤ 𝐼𝐼𝐸𝐸 𝜔𝜔 ≤ 𝐶𝐶𝐸𝐸 𝜔𝜔

• �𝑐𝑐𝐸𝐸 𝑡𝑡  and �𝐶𝐶𝐸𝐸 𝑡𝑡  supported in −Δ,Δ

• ∫−∞
∞ 𝐶𝐶𝐸𝐸 𝜔𝜔 − 𝐼𝐼𝐸𝐸 𝜔𝜔 𝑑𝑑𝑑𝑑 = ∫−∞

∞ 𝐼𝐼𝐸𝐸 𝜔𝜔 − 𝑐𝑐𝐸𝐸(𝜔𝜔)𝑑𝑑𝑑𝑑 = ⁄1 Δ



Condition number bounds 
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Proposition.

For any 𝒖𝒖, 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = 𝑛𝑛 − 1 ± ⁄1 Δ 𝒖𝒖 2, provided that 𝑛𝑛 > ⁄1 Δ + 1

Proof.

• 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = ∑𝜔𝜔=0𝑛𝑛−1 𝑔𝑔𝜔𝜔 2

• Let ℎ 𝜔𝜔 ≔ ∑𝑡𝑡=−∞∞ 𝛿𝛿𝑡𝑡 𝜔𝜔  be the Dirac comb

• Then, we have

�
𝜔𝜔=0

𝑛𝑛−1

𝑔𝑔𝜔𝜔 2 = �
−∞

∞
ℎ 𝜔𝜔 𝐼𝐼𝐸𝐸 𝜔𝜔 𝑔𝑔𝜔𝜔 2𝑑𝑑𝑑𝑑 ≤ �

−∞

∞
ℎ 𝜔𝜔 𝐶𝐶𝐸𝐸 𝜔𝜔 𝑔𝑔𝜔𝜔 2𝑑𝑑𝑑𝑑

= �
𝑗𝑗,𝑗𝑗′∈ 𝑘𝑘

𝑢𝑢𝑗𝑗 𝑢𝑢𝑗𝑗′ �
−∞

∞
ℎ 𝜔𝜔 𝐶𝐶𝐸𝐸 𝜔𝜔 𝑒𝑒2𝜋𝜋𝐢𝐢 𝑓𝑓𝑗𝑗−𝑓𝑓𝑗𝑗′ 𝜔𝜔𝑑𝑑𝑑𝑑



Condition number bounds 
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Proposition.

For any 𝒖𝒖, 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = 𝑛𝑛 − 1 ± ⁄1 Δ 𝒖𝒖 2, provided that 𝑛𝑛 > ⁄1 Δ + 1

Proof.

• 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = ∑𝜔𝜔=0𝑛𝑛−1 𝑔𝑔𝜔𝜔 2

• Let ℎ 𝜔𝜔 ≔ ∑𝑡𝑡=−∞∞ 𝛿𝛿𝑡𝑡 𝜔𝜔 = ∑𝑡𝑡=−∞∞ 𝑒𝑒2𝜋𝜋𝐢𝐢𝜔𝜔𝜔𝜔    (Fourier transform of a comb is a comb)

• Then, we have

�
𝜔𝜔=0

𝑛𝑛−1

𝑔𝑔𝜔𝜔 2 = �
−∞

∞
ℎ 𝜔𝜔 𝐼𝐼𝐸𝐸 𝜔𝜔 𝑔𝑔𝜔𝜔 2𝑑𝑑𝑑𝑑 ≤ �

−∞

∞
ℎ 𝜔𝜔 𝐶𝐶𝐸𝐸 𝜔𝜔 𝑔𝑔𝜔𝜔 2𝑑𝑑𝑑𝑑

= �
𝑗𝑗,𝑗𝑗′∈ 𝑘𝑘

�
𝑡𝑡=−∞

∞

𝑢𝑢𝑗𝑗𝑢𝑢𝑗𝑗′ �
−∞

∞
𝑒𝑒2𝜋𝜋𝐢𝐢𝜔𝜔𝜔𝜔𝐶𝐶𝐸𝐸 𝜔𝜔 𝑒𝑒2𝜋𝜋𝐢𝐢 𝑓𝑓𝑗𝑗−𝑓𝑓𝑗𝑗′ 𝜔𝜔𝑑𝑑𝑑𝑑 = �

𝑗𝑗,𝑗𝑗′,𝑡𝑡

𝑢𝑢𝑗𝑗𝑢𝑢𝑗𝑗′�𝐶𝐶𝐸𝐸 𝑓𝑓𝑗𝑗 − 𝑓𝑓𝑗𝑗′ + 𝑡𝑡
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Proposition.

For any 𝒖𝒖, 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 = 𝑛𝑛 − 1 ± ⁄1 Δ 𝒖𝒖 2, provided that 𝑛𝑛 > ⁄1 Δ + 1

Proof.

𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 ≤ �
𝜔𝜔=0

𝑛𝑛−1

𝑔𝑔𝜔𝜔 2 = �
𝑗𝑗,𝑗𝑗′∈ 𝑘𝑘

�
𝑡𝑡=−∞

∞

𝑢𝑢𝑗𝑗𝑢𝑢𝑗𝑗′�𝐶𝐶𝐸𝐸 𝑓𝑓𝑗𝑗 − 𝑓𝑓𝑗𝑗′ + 𝑡𝑡

• By the separation condition, 𝑓𝑓𝑗𝑗 − 𝑓𝑓𝑗𝑗′ + 𝑡𝑡 ∉ −Δ,Δ  for any integer 𝑡𝑡 ≠ 0

• Hence, 
𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 ≤ 𝒖𝒖 2�𝐶𝐶𝐸𝐸 0 = 𝒖𝒖 2 𝐸𝐸 + ⁄1 Δ = 𝒖𝒖 2 𝑛𝑛 − 1 + ⁄1 Δ

• Using 𝑏𝑏𝐸𝐸(𝜔𝜔), we can show that
𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 2 ≥ 𝒖𝒖 2 𝑛𝑛 − 1 − ⁄1 Δ

∎
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Proposition.

If 𝑛𝑛 = ⁄1 − 𝜖𝜖 Δ, then there exists a Δ-separated 𝒛𝒛 such that 𝑽𝑽𝑛𝑛 𝒛𝒛  has condition number 2Ω 𝜖𝜖𝜖𝜖

• Main technical tool: Fejer kernel

ill-conditioned well-conditioned

1
Δ

1
Δ

+ 1
𝑛𝑛
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Properties:

1) �𝐾𝐾𝐿𝐿 𝑡𝑡 ≥ 0, supported on −𝐿𝐿,−𝐿𝐿 + 1, … , 𝐿𝐿 − 1, 𝐿𝐿 , and sum to 1

2) 𝐾𝐾𝐿𝐿 𝜔𝜔 ≤ 1
4𝐿𝐿2𝜔𝜔2 for 𝜔𝜔 ∈ −1

2
, 1
2

𝐾𝐾𝐿𝐿 𝜔𝜔 =
1
𝐿𝐿2

�
𝑡𝑡=−𝐿𝐿

𝐿𝐿

𝐿𝐿 − 𝑡𝑡 𝑒𝑒2𝜋𝜋𝐢𝐢𝜔𝜔𝜔𝜔

= 1/𝐿𝐿2
sin 𝜋𝜋𝜋𝜋𝜋𝜋
sin 𝜋𝜋𝜋𝜋

2
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Proposition.

If 𝑛𝑛 = ⁄1 − 𝜖𝜖 Δ, then there exists a Δ-separated 𝒛𝒛 such that 𝑽𝑽𝑛𝑛 𝒛𝒛  has condition number 2Ω 𝜖𝜖𝜖𝜖

Proof.

• Let 𝑧𝑧𝑗𝑗 = 𝑒𝑒2𝜋𝜋𝐢𝐢𝑗𝑗Δ for 𝑗𝑗 ∈ 𝑘𝑘 . Our goal is to construct a vector 𝒖𝒖 such that 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 = 2−Ω(𝜖𝜖𝜖𝜖) 𝒖𝒖

• Let 𝐿𝐿 = 4
𝜖𝜖

 and 𝑟𝑟 = 𝑘𝑘−1
2𝐿𝐿

 so that 2𝑟𝑟𝑟𝑟 + 1 ≤ 𝑘𝑘

• Let 𝑎𝑎𝑡𝑡 ≔ �𝐾𝐾𝐿𝐿𝑟𝑟 𝑡𝑡  for 𝑡𝑡 ≤ 𝑟𝑟𝑟𝑟. Then, ∑𝑡𝑡 𝑎𝑎𝑡𝑡 = 1

• Define

𝑢𝑢𝑗𝑗 = �𝑎𝑎𝑗𝑗−𝑟𝑟𝑟𝑟𝑒𝑒
−𝐢𝐢𝜋𝜋(𝑗𝑗−𝑟𝑟𝑟𝑟)𝑒𝑒−𝐢𝐢𝜋𝜋𝜋𝜋𝜋𝜋Δ, 0 ≤ 𝑗𝑗 ≤ 2𝑟𝑟𝑟𝑟

0,  2𝑟𝑟𝑟𝑟 < 𝑗𝑗 < 𝑘𝑘

0 Δ 2Δ 3Δ 𝑓𝑓
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Proposition.

If 𝑛𝑛 = ⁄1 − 𝜖𝜖 Δ, then there exists a Δ-separated 𝒛𝒛 such that 𝑽𝑽𝑛𝑛 𝒛𝒛  has condition number 2Ω 𝜖𝜖𝜖𝜖

Proof.

𝑢𝑢𝑗𝑗 = �𝑎𝑎𝑗𝑗−𝑟𝑟𝑟𝑟𝑒𝑒
−𝐢𝐢𝜋𝜋(𝑗𝑗−𝑟𝑟𝑟𝑟)𝑒𝑒−𝐢𝐢𝜋𝜋𝜋𝜋𝜋𝜋Δ, 0 ≤ 𝑗𝑗 ≤ 2𝑟𝑟𝑟𝑟

0,  2𝑟𝑟𝑟𝑟 < 𝑗𝑗 < 𝑘𝑘

• 𝑢𝑢 1 = ∑𝑡𝑡 𝑎𝑎𝑡𝑡 = 1. Thus, 𝑢𝑢 2 ≥ ⁄1 𝑘𝑘

• We have

𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 𝑙𝑙 = �
𝑗𝑗=0

𝑘𝑘−1

𝑢𝑢𝑗𝑗𝑒𝑒2𝜋𝜋𝐢𝐢𝑗𝑗𝑗𝑗Δ = �
𝑡𝑡=−𝑟𝑟𝑟𝑟

𝑟𝑟𝑟𝑟

𝑎𝑎𝑡𝑡𝑒𝑒−𝐢𝐢𝜋𝜋𝜋𝜋𝑒𝑒−𝐢𝐢𝜋𝜋(𝑡𝑡+𝑟𝑟𝑟𝑟)𝑛𝑛Δ𝑒𝑒2𝜋𝜋𝐢𝐢 𝑡𝑡+𝑟𝑟𝑟𝑟 𝑙𝑙Δ = 𝑒𝑒𝐢𝐢𝜙𝜙(𝑙𝑙) �
𝑡𝑡=−𝑟𝑟𝑟𝑟

𝑟𝑟𝑟𝑟

𝑎𝑎𝑡𝑡𝑒𝑒
2𝜋𝜋𝜋𝜋𝜋𝜋 𝑙𝑙Δ−𝑛𝑛Δ+12

𝐾𝐾𝐿𝐿𝑟𝑟 𝑙𝑙Δ −
𝑛𝑛Δ + 1

2
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Proposition.

If 𝑛𝑛 = ⁄1 − 𝜖𝜖 Δ, then there exists a Δ-separated 𝒛𝒛 such that 𝑽𝑽𝑛𝑛 𝒛𝒛  has condition number 2Ω 𝜖𝜖𝜖𝜖

Proof.

𝑢𝑢𝑗𝑗 = �𝑎𝑎𝑗𝑗−𝑟𝑟𝑟𝑟𝑒𝑒
−𝐢𝐢𝜋𝜋(𝑗𝑗−𝑟𝑟𝑟𝑟)𝑒𝑒−𝐢𝐢𝜋𝜋𝜋𝜋𝜋𝜋Δ, 0 ≤ 𝑗𝑗 ≤ 2𝑟𝑟𝑟𝑟

0,  2𝑟𝑟𝑟𝑟 < 𝑗𝑗 < 𝑘𝑘

• 𝑢𝑢 1 = ∑𝑡𝑡 𝑎𝑎𝑡𝑡 = 1. Thus, 𝑢𝑢 2 ≥ ⁄1 𝑘𝑘

• We have

𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 𝑙𝑙 = 𝐾𝐾𝐿𝐿𝑟𝑟 𝑙𝑙Δ − ⁄𝑛𝑛Δ + 1 2 ≤ 4𝐿𝐿2 ⁄𝜖𝜖 4 2 −𝑟𝑟
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Proposition.

If 𝑛𝑛 = ⁄1 − 𝜖𝜖 Δ, then there exists a Δ-separated 𝒛𝒛 such that 𝑽𝑽𝑛𝑛 𝒛𝒛  has condition number 2Ω 𝜖𝜖𝜖𝜖

Proof.

𝑢𝑢𝑗𝑗 = �𝑎𝑎𝑗𝑗−𝑟𝑟𝑟𝑟𝑒𝑒
−𝐢𝐢𝜋𝜋(𝑗𝑗−𝑟𝑟𝑟𝑟)𝑒𝑒−𝐢𝐢𝜋𝜋𝜋𝜋𝜋𝜋Δ, 0 ≤ 𝑗𝑗 ≤ 2𝑟𝑟𝑟𝑟

0,  2𝑟𝑟𝑟𝑟 < 𝑗𝑗 < 𝑘𝑘

• 𝑢𝑢 1 = ∑𝑡𝑡 𝑎𝑎𝑡𝑡 = 1. Thus, 𝑢𝑢 2 ≥ ⁄1 𝑘𝑘

• We have

𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 𝑙𝑙 ≤ 4𝐿𝐿2 ⁄𝜖𝜖 4 2 −𝑟𝑟 = exp −Ω 𝑟𝑟 = exp −Ω 𝜖𝜖𝜖𝜖

• Therefore, 𝑽𝑽𝑛𝑛 𝒛𝒛 𝒖𝒖 ∞ = exp −Ω 𝜖𝜖𝜖𝜖

∎
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• Physically, it means that we can resolve real-world objects bypassing the Abbe limit (≈ 200 nm)

• In our setting, the signal is represented by a superposition of point sources,

𝑥𝑥 𝑡𝑡 = �
𝑗𝑗=1

𝑘𝑘

𝑢𝑢𝑗𝑗𝛿𝛿𝑓𝑓𝑗𝑗 𝑡𝑡

which should be understood as a purely mathematical idealization

• The way to understand super-resolution is from the error scaling in terms of the number of 
measurements
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To estimate the locations 𝑓𝑓𝑗𝑗  upto 𝜖𝜖 error, how many measurements (𝑛𝑛) do we need?

Ω ⁄1 𝜖𝜖

𝜖𝜖

𝑒𝑒2𝜋𝜋𝐢𝐢𝜆𝜆𝜆𝜆      vs.    𝑒𝑒2𝜋𝜋𝐢𝐢 𝜆𝜆+𝜖𝜖 𝑡𝑡 
𝑥𝑥

𝑡𝑡

𝑛𝑛

Nyquist scaling
Noiseless

𝑂𝑂 𝜖𝜖−1
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𝑛𝑛

Super-resolution scaling
Noise ∼ poly(𝜖𝜖)

(Donoho ’92; Candès-Romberg-Tao ’06; 
Liao-Fannjiang ’14; Moitra ’15; …)

𝑂𝑂 ⁄1 Δ

Nyquist scaling
Noiseless

𝑂𝑂 𝜖𝜖−1

(Price-Song ’15)

To estimate the locations 𝑓𝑓𝑗𝑗  upto 𝜖𝜖 error, how many measurements (𝑛𝑛) do we need?

• “Super-resolution” means that the error scaling is asymptotically better than the Nyquist scaling ( ⁄1 𝜖𝜖)

• What if the signal has larger noise?

𝑂𝑂 𝜖𝜖−2

Central-limit scaling
Noise ∼ 𝑂𝑂 1

(Li-Liao-Fannjiang ’20)

Noise ∼ 𝑂𝑂 1
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An algorithm satisfies noisy super-resolution scaling if it can recover the locations up to error strictly 
superior to the Nyquist error scaling, i.e., 𝜖𝜖 = 𝑜𝑜 𝑛𝑛−1 .

Is it possible to achieve a noisy super-resolution scaling for solving the spectral 
estimation problem with bias and large measurement noise?

𝑓𝑓

𝑔𝑔𝜔𝜔 = �
𝑗𝑗=1

𝑘𝑘

𝑢𝑢𝑗𝑗𝑧𝑧𝑗𝑗𝜔𝜔 + �
𝑗𝑗=𝑘𝑘+1

𝑑𝑑

𝑢𝑢𝑗𝑗𝑧𝑧𝑗𝑗𝜔𝜔 + 𝐸𝐸𝜔𝜔

signal bias random noise
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An algorithm satisfies noisy super-resolution scaling if it can recover the locations up to error strictly 
superior to the Nyquist error scaling, i.e., 𝜖𝜖 = 𝑜𝑜 𝑛𝑛−1 .

Is it possible to achieve a noisy super-resolution scaling for solving the spectral 
estimation problem with bias and large measurement noise?

𝑛𝑛

Nyquist scaling

𝑂𝑂 𝜖𝜖−1𝑂𝑂 𝜖𝜖− ⁄2 3

(Ding-Epperly-Lin-Z. ’24)

Optimal scaling!
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Setup:

• Let the dominant locations and intensities be 𝒛𝒛dom ≔ 𝑧𝑧1, … , 𝑧𝑧𝑘𝑘  and 𝒖𝒖dom ≔ 𝑢𝑢1, … ,𝑢𝑢𝑘𝑘 .

• Let the tail locations and intensities be 𝒛𝒛tail ≔ 𝑧𝑧𝑘𝑘+1, … , 𝑧𝑧𝑑𝑑  and 𝝁𝝁tail ≔ 𝑧𝑧𝑘𝑘+1, … , 𝑧𝑧𝑑𝑑 .

• We have �𝑻𝑻 = 𝑻𝑻 + 𝑬𝑬, 𝑬𝑬 = 𝑬𝑬tail + 𝑬𝑬random, where

𝑻𝑻 ≔ 𝑽𝑽𝑛𝑛 𝒛𝒛dom ⋅ diag 𝒖𝒖dom ⋅ 𝑽𝑽𝑛𝑛 𝒛𝒛dom †

𝑬𝑬tail ≔ 𝑽𝑽𝑛𝑛 𝒛𝒛tail ⋅ diag 𝒖𝒖tail ⋅ 𝑽𝑽𝑛𝑛 𝒛𝒛tail †

𝑬𝑬random ≔ Toep 𝐸𝐸0,𝐸𝐸1, … ,𝐸𝐸𝑛𝑛−1

• We use the matching distance to quantify the estimation error:

md 𝒛𝒛, �𝒛𝒛 = min
𝜋𝜋∈𝒮𝒮𝑘𝑘

 max
1≤𝑖𝑖≤𝑘𝑘

𝑧𝑧𝑖𝑖 − 𝑧̂𝑧𝜋𝜋 𝑖𝑖  
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A. Separation of locations. All dominant locations are separated from each other and from non-dominant 
locations:

Δ𝐳𝐳 ≔ min
1≤𝑖𝑖≤𝑘𝑘,1≤𝑗𝑗≤𝑑𝑑,𝑖𝑖≠𝑗𝑗

𝑧𝑧𝑖𝑖 − 𝑧𝑧𝑗𝑗 > 0

B. Separation of intensities. We assume the cumulative intensity of non-dominant locations is bounded:

𝑢𝑢tail ≔ 𝑢𝑢𝑟𝑟+1 + 𝑢𝑢𝑟𝑟+2 + ⋯+ 𝑢𝑢𝑑𝑑 ≪ 𝑢𝑢min ≔ min
𝑗𝑗∈ 𝑘𝑘

𝑢𝑢𝑗𝑗

C. Random measurement noise. We assume that 𝐸𝐸𝑗𝑗 𝑗𝑗∈[𝑑𝑑]
 are independent complex random variables 

with zero mean and 𝛼𝛼-sub-Gaussian tail decay (𝛼𝛼 > 0 is the noise level).

Δ𝑧𝑧

𝑓𝑓

Δ𝑧𝑧Δ𝑧𝑧

gapless
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Theorem.

Under Assumptions A-C, for sufficiently large cutoff frequency (𝑛𝑛 ≫ ⁄1 Δ𝒛𝒛), with high probability, the 
location estimation of the ESPRIT algorithm satisfies:

md �𝒛𝒛, 𝒛𝒛dom = �𝑂𝑂
𝛼𝛼

𝜇𝜇𝑟𝑟 𝑛𝑛

• It recovers the traditional super-resolution error scaling: setting the noise level 𝛼𝛼 = 𝑂𝑂 𝜖𝜖 ⋅ 𝜇𝜇𝑟𝑟 𝑛𝑛  suffices to 
achieve md �𝒛𝒛, 𝒛𝒛dom ≤ 𝜖𝜖 for any 𝜖𝜖 > 0.
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Theorem (Ding-Epperly-Lin-Z. ’24).

Under Assumptions A-C, for sufficiently large 𝑛𝑛, with high probability, the location estimation of 
the ESPRIT algorithm satisfies:

md �𝒛𝒛, 𝒛𝒛dom = �𝑂𝑂
𝑟𝑟1.5𝛼𝛼3

𝜇𝜇𝑟𝑟3Δ𝑧𝑧1.5𝑛𝑛1.5

And the intensity estimation satisfies:

md �𝝁𝝁,𝝁𝝁dom = �𝑂𝑂
𝑟𝑟2.5𝛼𝛼3

𝜇𝜇𝑟𝑟3Δ𝑧𝑧1.5𝑛𝑛0.5
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Theorem (Ding-Epperly-Lin-Z. ’24).

Under Assumptions A-C, for sufficiently large 𝑛𝑛, with high probability, the location estimation of 
the ESPRIT algorithm satisfies:

md �𝒛𝒛, 𝒛𝒛dom = �𝑂𝑂
𝑟𝑟1.5𝛼𝛼3

𝜇𝜇𝑟𝑟3Δ𝑧𝑧1.5𝑛𝑛1.5

Proof roadmap

Central limit error 
scaling

Optimal error 
scaling

Upgrade with novel matrix 
perturbation results
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Our goal is to prove that the eigenvalues of �𝑾𝑾 = �𝑸𝑸↑
+�𝑸𝑸↓ are close to the eigenvalues of 𝑾𝑾 = 𝑸𝑸↑

+𝑸𝑸↓. 
The key idea is to find a similarity transformation 𝑨𝑨 ↦ 𝑷𝑷𝑷𝑷𝑷𝑷−1 to “align” �𝑾𝑾 and 𝑾𝑾. 

1. Establishing a quantitative estimate that relates 𝑸𝑸𝑟𝑟 and �𝑸𝑸𝑟𝑟:

Main ingredients of the proof:

→ Bounds on the singular values of Vandermonde matrices (Moitra ’15):
𝜎𝜎𝑖𝑖 𝑽𝑽𝑛𝑛 𝒛𝒛dom ∈ 𝑛𝑛 − 1 ± ⁄2𝜋𝜋 Δ𝒛𝒛  ∀1 ≤ 𝑖𝑖 ≤ 𝑟𝑟.

→ Standard matrix perturbation theory (Stewart-Sun ’90)

→ Matrix concentration inequality: 𝑬𝑬random = �𝑂𝑂 𝛼𝛼 𝑛𝑛

Eigenvector comparison, weak estimate: There exists a unitary matrix 𝑼𝑼𝑟𝑟 ∈ ℂ𝑟𝑟×𝑟𝑟 such that
�𝑸𝑸𝑟𝑟 − 𝑸𝑸𝑟𝑟𝑼𝑼𝑟𝑟 2 ∼ ⁄1 𝑛𝑛  and �𝑸𝑸↑

+�𝑸𝑸↓ − 𝑼𝑼𝑟𝑟
†𝑸𝑸↑

+𝑸𝑸↓𝑼𝑼𝑟𝑟 2 ∼ ⁄1 𝑛𝑛
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Our goal is to prove that the eigenvalues of �𝑾𝑾 = �𝑸𝑸↑
+�𝑸𝑸↓ are close to the eigenvalues of 𝑾𝑾 = 𝑸𝑸↑

+𝑸𝑸↓. 
The key idea is to find a similarity transformation 𝑨𝑨 ↦ 𝑷𝑷𝑷𝑷𝑷𝑷−1 to “align” �𝑾𝑾 and 𝑾𝑾. 

1. Establishing a quantitative estimate that relates 𝑸𝑸𝑟𝑟 and �𝑸𝑸𝑟𝑟:

2. Converting eigenvector perturbations to ESPRIT’s estimation error:

 

→ Taking 𝑷𝑷 = 𝑼𝑼𝑟𝑟 yields the �𝑂𝑂 𝑛𝑛−0.5  error scaling.

From 𝑸𝑸↑
+𝑸𝑸↓ bounds to location estimation: For any invertible, near-isometry matrix 𝑷𝑷, i.e., 

𝑷𝑷 2, 𝑷𝑷−1 2 = 𝑂𝑂 1 ,
md �𝒛𝒛, 𝒛𝒛dom ∝ �𝑸𝑸↑

+�𝑸𝑸↓ − 𝑷𝑷−1𝑸𝑸↑
+𝑸𝑸↓𝑷𝑷 2

Eigenvector comparison, weak estimate: There exists a unitary matrix 𝑼𝑼𝑟𝑟 ∈ ℂ𝑟𝑟×𝑟𝑟 such that
�𝑸𝑸𝑟𝑟 − 𝑸𝑸𝑟𝑟𝑼𝑼𝑟𝑟 2 ∼ ⁄1 𝑛𝑛  and �𝑸𝑸↑

+�𝑸𝑸↓ − 𝑼𝑼𝑟𝑟
†𝑸𝑸↑

+𝑸𝑸↓𝑼𝑼𝑟𝑟 2 ∼ ⁄1 𝑛𝑛



Towards the optimal error scaling

September 21, 2025 40

Combined with the second step of the central limit scaling proof, we obtain the optimal 𝑛𝑛−1.5 scaling

• The matrix 𝑷𝑷 is not unitary. We believe that if 𝑷𝑷 is restricted to be unitary, then the best possible scaling 
would be ⁄1 𝑛𝑛

• This result cannot be proven by directly using standard matrix perturbation theory results
We need:

→ a novel eigenspace perturbation result

→ a careful series expansion of 𝑷𝑷�𝑸𝑸↑
+�𝑸𝑸↓𝑷𝑷−1

→ the Toeplitz structure of the error terms in the perturbation

Eigenvector comparison, strong estimate: There exists an invertible, near-isometry matrix 𝑷𝑷
∈ ℂ𝑟𝑟×𝑟𝑟 such that

�𝑸𝑸↑
+�𝑸𝑸↓ − 𝑷𝑷−1𝑸𝑸↑

+𝑸𝑸↓𝑷𝑷 2 ∼ 𝑛𝑛−1.5



Structure lemma on eigenspace perturbation
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• Here, 𝚷𝚷𝑸𝑸𝑟𝑟 = 𝑸𝑸𝑟𝑟𝑸𝑸𝑟𝑟
† is the projector onto the column space of 𝑸𝑸𝑟𝑟, 𝚷𝚷𝑸𝑸𝑟𝑟⊥ = 𝐈𝐈𝑟𝑟 − 𝚷𝚷𝑸𝑸𝑟𝑟 , and �𝑸𝑸1, �𝑸𝑸2 are 

matrices with 𝑂𝑂 1  spectral norm.

• This lemma intuitively says that �𝑸𝑸𝑟𝑟 can be expressed as the sum of four parts (up to a unitary):

1. The eigenvectors 𝑸𝑸𝑟𝑟

2. A term of size ⁄1 𝑛𝑛 that is orthogonal to 𝑸𝑸𝑟𝑟

3. A term of size ⁄1 𝑛𝑛 that is in the range of 𝑸𝑸𝑟𝑟

4. Second-order terms of size ⁄1 𝑛𝑛



Structure lemma on eigenspace perturbation
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• Using this lemma, we can explicitly construct an invertible matrix 𝑷𝑷 such that �𝑸𝑸𝑟𝑟𝑷𝑷−1 − 𝑸𝑸𝑟𝑟 is almost 
orthogonal to 𝑸𝑸𝑟𝑟, up to an error of size 𝑛𝑛−1.5.  

• And the orthogonal parts will be approximately cancelled in 𝑷𝑷�𝑸𝑸↑
+�𝑸𝑸↓𝑷𝑷−1 − 𝑸𝑸↑

+𝑸𝑸↓ 2, which implies the 
strong estimate for the eigenvector comparison.



Interlude: perturbation theory via resolvents
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• Assume 𝑨𝑨 = ∑𝑖𝑖=1𝑟𝑟 𝜆𝜆𝑖𝑖𝒒𝒒𝑖𝑖𝒒𝒒𝑖𝑖
† ∈ ℂ𝑛𝑛×𝑛𝑛 and 𝑨𝑨 + 𝑬𝑬 = ∑𝑖𝑖=1𝑛𝑛 �𝜆𝜆𝑖𝑖�𝒒𝒒𝑖𝑖�𝒒𝒒𝑖𝑖

† be the perturbation. 

• Let 𝒞𝒞 be a simple closed curve in ℂ such that 𝜆𝜆1, … , 𝜆𝜆𝑟𝑟 ,�𝜆𝜆1, … ,�𝜆𝜆𝑟𝑟  are inside 𝒞𝒞 and all other eigenvalues 
are outside 𝒞𝒞. 

• Assume that 𝑬𝑬 𝜉𝜉𝑰𝑰 − 𝑨𝑨 −1 < 1 for all 𝜉𝜉 ∈ ℂ.

• Then, denoting 𝚷𝚷 = ∑𝑖𝑖=1𝑟𝑟 𝒒𝒒𝑖𝑖𝒒𝒒𝑖𝑖
† and �𝚷𝚷 = ∑𝑖𝑖=1𝑟𝑟 �𝒒𝒒𝑖𝑖�𝒒𝒒𝑖𝑖

†, we have

�𝚷𝚷 = 𝚷𝚷 + �
𝑘𝑘=1

∞
1

2𝜋𝜋𝐢𝐢
�
𝒞𝒞

𝜉𝜉𝑰𝑰 − 𝑨𝑨 −1 𝑬𝑬 𝜉𝜉𝑰𝑰 − 𝑨𝑨 −1 𝑘𝑘𝑑𝑑𝑑𝑑  .



Expansion of spectral projector

September 21, 2025 44

𝚷𝚷�𝑸𝑸𝑟𝑟 = 𝚷𝚷𝑸𝑸𝑟𝑟 + �
𝑘𝑘=1

∞
1

2𝜋𝜋𝐢𝐢
�
𝒞𝒞𝑟𝑟

𝜉𝜉𝑰𝑰 − 𝑻𝑻 −1 𝑬𝑬 𝜉𝜉𝑰𝑰 − 𝑻𝑻 −1 𝑘𝑘𝑑𝑑𝑑𝑑

𝑛𝑛𝜇𝜇𝑟𝑟
4

2𝑛𝑛𝜇𝜇1

𝒞𝒞𝑟𝑟

𝜆𝜆𝑟𝑟  ⋯  𝜆𝜆1 𝜆̂𝜆1𝜆̂𝜆𝑟𝑟
Re

Im

𝜆̂𝜆𝑛𝑛 ⋯ 𝜆̂𝜆𝑟𝑟+1



Evaluating the expansion
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𝚷𝚷�𝑸𝑸𝑟𝑟 = 𝚷𝚷𝑸𝑸𝑟𝑟 + �
𝑘𝑘=1

∞
1

2𝜋𝜋𝐢𝐢
�
𝒞𝒞𝑟𝑟

𝜉𝜉 − 𝑻𝑻 −1 𝑬𝑬 𝜉𝜉 − 𝑻𝑻 −1 𝑘𝑘𝑑𝑑𝑑𝑑

= 𝚷𝚷𝑸𝑸𝑟𝑟 + 𝐏𝐏𝐏𝐏𝐏𝐏𝐲𝐲�𝑸𝑸𝑟𝑟 𝑻𝑻
+,𝚷𝚷𝑸𝑸𝑟𝑟⊥ ,𝑬𝑬

An explicit formula for the contour integrals

 Expand the eigenvector projections within the integrals

 Combine the terms to form 𝑻𝑻+

 Simplify the expressions using Schur polynomials



Bounding the higher-order terms
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𝚷𝚷�𝑸𝑸𝑟𝑟 = 𝚷𝚷𝑸𝑸𝑟𝑟 + �
𝑘𝑘=1

∞
1

2𝜋𝜋𝐢𝐢
�
𝒞𝒞𝑟𝑟

𝜉𝜉𝑰𝑰 − 𝑻𝑻 −1 𝑬𝑬 𝜉𝜉𝑰𝑰 − 𝑻𝑻 −1 𝑘𝑘𝑑𝑑𝑑𝑑

= 𝚷𝚷𝑸𝑸𝑟𝑟 + 𝐏𝐏𝐏𝐏𝐏𝐏𝐲𝐲�𝑸𝑸𝑟𝑟 𝑻𝑻
+,𝚷𝚷𝑸𝑸𝑟𝑟⊥ ,𝑬𝑬

= 𝚷𝚷𝑸𝑸𝑟𝑟 + �
𝑘𝑘=1

∞

𝑻𝑻+ 𝑘𝑘𝑬𝑬random𝚷𝚷𝑸𝑸𝑟𝑟⊥ 𝑬𝑬𝚷𝚷𝑸𝑸𝑟𝑟⊥
𝑘𝑘−1 + ℎ. 𝑐𝑐. + 𝑂𝑂 ⁄1 𝑛𝑛

By connecting the angle between subspaces 𝚷𝚷�𝑸𝑸𝑟𝑟  and 𝚷𝚷𝑸𝑸𝑟𝑟  to the distance between �𝑸𝑸𝑟𝑟 and 𝑸𝑸𝑟𝑟 (up to a 
unitary transformation), we prove the structure lemma:



Spectral estimation lower bound
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• Suppose there is an algorithm 𝒜𝒜 that can estimate the locations within 𝜖𝜖 error.

• Consider the following one-sparse signals and noisy measurements:

• 𝑧𝑧1 − 𝑧𝑧2 > 𝜖𝜖; thus, 𝒜𝒜 should be able to distinguish these two signals.

• To distinguish two Gaussians 𝒩𝒩 𝟏𝟏, 𝑰𝑰𝑛𝑛  and 𝒩𝒩 𝑒𝑒2𝐢𝐢𝜖𝜖𝜖𝜖 , 𝑰𝑰𝑛𝑛  with constant success probability, 

𝑑𝑑TV 𝒩𝒩 𝟏𝟏, 𝑰𝑰𝑛𝑛 ,𝒩𝒩 𝑒𝑒2𝐢𝐢𝜖𝜖𝜖𝜖 , 𝑰𝑰𝑛𝑛 ≤ 𝟏𝟏 − 𝑒𝑒2𝐢𝐢𝜖𝜖𝜖𝜖 2 = 𝑂𝑂 𝑛𝑛3𝜖𝜖2 = Ω 1  ⟹  𝜖𝜖 ≤ 𝑛𝑛−1.5.

𝑧𝑧1 = 1

𝑧𝑧2 = 𝑒𝑒2𝐢𝐢𝜖𝜖 𝑔𝑔𝑗𝑗 = 1 + 𝒩𝒩 0,1

𝑔𝑔𝑗𝑗′ = 𝑒𝑒2𝐢𝐢𝜖𝜖𝜖𝜖 + 𝒩𝒩(0, 1)
𝑗𝑗 = 1,2, … ,𝑛𝑛 



Recap
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1-D super-resolution upper bound: 

• The ESPRIT algorithm 

• The Beurling-Selberg majorant and minorant to bound the condition number of Vandermonde matrix

1-D super-resolution lower bound: 

• Fejer kernel to construct ill-conditioned Vandermonde matrix

Extension to the high-noise regime

• Optimal sample complexity
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